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Introduction

0.1. Results. Green’s functions on a Riemann surface X play the role of local
intersection indices ‘‘at the closed fiber at infinity” in the two-dimensional Arakelov
geometry (cf. [L]). The main new results of this paper express some of these Green’s
functions in terms of the geometry of certain configurations of geodesics in an
auxiliary three-dimensional manifold Z which bears a metric of constant negative
curvature. The original surface X is its boundary. In this Introduction we state the
main definitions and motivate our approach.

First we recall the definition of a Green function, with the normalizations that
will be used in the sequel.

Let X be a compact non-singular complex Riemann surface, 4 a divisor on
X with support |4, du a positive real-analytic 2-form on X. The Green’s function
§4,.=9.4 is a real analytic function on X\|4| with the following properties which
define it uniquely:

a) If z is a local parameter at xe|A4|, m the multiplicity of x in 4 then
g4—mlog|z] is real-analytic in a neighbourheood of x.

b) Let 6, be the current whose value on a (0,0)-form ¢ is

Bar@d= Y. mp(x)

xeld)|
where A=Y m,(x). Then
. 80, =mi(deg(4)du~35,).

¢) §g4du=0.

The following facts are well-known (see e.g. [L]). Properties a) and b) define
g4 up to an additive constant. Property c¢) normalizes this constant. If |4|n|B|=4,
B=Y n,(y) put ¢,(4,B)=)n,9,,(»). Then this biadditive function is also

¥y
symriletric:
9u(4, B)=g,(B, A).
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If deg(4) =deg(B)=0then g(4, B) does not depend on p. Finally, if in addition 4
=div(f) where f is a meromorphic function on X then

m&mﬂ%WMPMIkvwW
ye

We shall now give two simple examples of our formulas in the genus zero case
where X=P!(C) and Z=H is the Lobachevsky three-space, considered as a
Riemannian manifold of the constant curvature —1. We realize X as the boundary
of H by identifying it with the space of ends of oriented lines (geodesics), two ends
being equivalent iff the lines are parallel.

First introduce some notation. For two points a,be Hu X denote by {a, b} the
geodesic joining a to b and oriented in that direction. For a point @ and a geodesic y,
denote by a = y the point on 7 closest to a, that is, the intersection point of y and a
geodesic passing through a and orthogonal to y. For two points on an oriented
geodesic, the oriented distance between them is denoted dist or. Now our first
formula for the Green function g((@) — (b), (¢)—(d)), 4, b, ¢,de X (independent of
the choice of a metric on X) is

0.1) g((@)— (), () —(d)=—dist or (a={c,d}, bx{c,d}).

To state the second formula, notice that any point #e H defines a volume form
du=du(u) on X in the following way: it corresponds to the Kéahler metric on X
invariant with respect to the stabilizer of # and giving X the diameter 1. Denote by
d,(a,b) the distance from u to {a,b}. Then

el2
cosh(d,(a, b))

When X is of genus p =1 we first construct & using a Schottky uniformization of X
and extending the action of the respective Schottky group I' to H. Then we use some
classical formulas for the Green functions and identities like (0.1) and (0.2) in order
to deduce their generalizations. In this way we obtain only Green’s functions
corresponding to the Arakelov’s canonical volume forms dyu. Perhaps, one could
remove this restriction by allowing some metrics of non-constant negative
curvature on .

We also interpret in terms of geodesics other important objects related to X like
theta-function, Faltings’ invariant etc.

When p>1 there is a new complication connected with the value a(I") of the
Hausdorff dimension of the limit set of a Schottky group I'. Our formulas give
convergent expressions only for a(I") <1. Presumably, some regularization is
needed in order to deal with the other cases.

0.2) g.(a,b)=log

0.2. Motivation. Our primary motivation for introducing 4 and studying the
geodescis in this manifold was a desire to enrich the somewhat formal picture of
Arakelov’s geometry at arithmetical infinity.

To be more precise, let us recall the basic Arakelov setting. Let K be a number
field, A its ring of integers, X an algebraic variety over K. In order to consider “the
arithmetical dimension” Spec(4) on an equal footing with geometric ones, one
starts with a choice of a model X, of X over 4 so that X=X, ® K. However,
Spec(4)is only affine, and it is well known that a completion of it can be achieved by
adding to the set of prime ideals the set of infinite places of K (or embeddings
00 : K—+C). Arakelov’s completion X of X consists of a choice of Hermitian metrics
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on the manifolds X, = X, (C) corresponding to those embeddings (this replaces
a choice of an A-structure). In the dim (X)=1 case Arakelov declares also that
the group of divisors on the scheme X should be enlarged by formal linear
combinations of “closed fibers at infinity”. This program of the geometrization of
arithmetics works wonderfully well, and in the papers of Faltings, Deligne, and
Bismut, Gillet, Soulé it was shown that the analogy between the arithmetical variety
X and a geometric variety of the dimension dim{X)+ 1 can be pushed quite far. In
particular, Hermitian geometry can and must be considered in this context as a kind
of “oo-adic arithmetic”.

Still, there is much to be clarified in the arithmetic at infinity. In particular, we
would like to construct some differential-geometric objects corresponding to the
“op-adic completion” of X, its ““closed fiber at infinity” and the “reduction modulo
infinity”’.

In this paper, we revisit the Arakelov geometry of curves and suggest that the
filling & defined by a Schottky uniformization, the set of all closed geodesics in &,
and the set of the geodesics with one end at X can play these roles, respectively.
(Compare this with the list of analogies in [De]: it would be important to combine
these two quite different geometric pictures.)

Our choice of structures can be motivated if we make an assumption that the
closed fiber at infinity should be viewed as ““maximally degenerate” (or totally split)
in some sense. We can then reverse Mumford’s idea ([Mu]) that p-adic curves with
maximally degenerate reduction admit an (essentially unique) p-adic Schottky
uniformization and try to use his geometric picture of such a curve (or rather its
p-adic completion) in an archimedean setting. Comparing the formulas (0.1), (0.2)
and their higher genus analogs with their p-adic counterparts we see that this
analogy is not superficial (although it is possibly restricted by the condition a(I")
<1).

Our viewpoint is also consistent with Vojta’s ([V]) visualization of algebraic
numbers as analogs of entire functions. Then, say, an elliptic curve over Q should be
viewed as maximally degenerate at infinity because its absolute invariant j has an
“essential singularity” there.

Finally, it would be interesting to compare this approach with a similarly
motivated recent suggestion by Ch. Deninger ([Den}) to reinterpret Serre’s gamma-
factors as (infinite) determinants of certain co-adic Frobenius maps acting upon
new cohomology spaces.

0.3. Graphs and hyperbolic 3-manifolds. Actually, our & is not a substitute of the
p-adic completion of X, itself bur rather of its graph that can be constructed in the
following way. Denote by 4 a non-archimedean completion of the algebraic
integersring 4. Let m be its maximal ideal, g =card (4/m), X, = X ® , 4/m. Consider

the set To= | ] T¢" where Tg” is the set of irreducible components of X, and Ti?, i

i=0

=1 is the set of A/m*-points of X, extendable to A-points. Take T, as the set of
vertices of a graph 7 whose edges are defined by the following prescriptions:

a) Two vertices in T{® are connected by an edge if and only if the corresponding
components have a common point.

b) Avertexin T§" is a connected by an edge with a vertex in 7§” if and only if the
corresponding point belongs to the corresponding component.

¢) Foriz2,avertex in T§" is connected by an edge with a vertex in 7§~V if and
only if the reduction modm'~! of the first point is the second point.
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Now make T a metric space by declaring that each edge is of length log g.

Clearly, T encodes an important part of the m-adic geometry of X,. In
particular, 7 is the dual graph of the closed fiber of X, A-points of X correspond to
the semi-geodesics connecting the vertices of T{® with infinity, and the local
intersection indice of two points considered as horizontal sections can be readily
read off T': essentially, it coincides with the distance from T{® to the geodesic
connecting these points (compare this with (0.2)).

All these properties directly follow from the definition and are not very useful
unless we can construct 7'in a different way. This is exactly what Mumford did for
curves with totally split reduction: he has shown that T;, can then be described as
I\PGL(2, R)/PGL(2, A) where K is the quotient field of 4 and I' is an appropriate
discrete subgroup in PGL(2, K) of the type introduced and studied by Ihara ({I}).

The direct archimedean analog of this construction is our .

We hope that this approach can be generalized to include at least a similar
treatment of flag spaces, abelian varieties, and, most important, modular spaces.

0.4. Links and strings. In this paper, we restrict ourselves to consideration of an
individual curve X. In the string theory, one wants to integrate metric invariants
over moduli spaces. As Witten has shown, one may expect to obtain in this way
some topological information, in particular, about knots and links in three-
manifolds.

For p=2, our & contains a beautiful infinite link consisting of closed geodesics
which we interpreted arithmetically as the dual graph of the Arakelov closed fiber at
infinity. It would be interesting to compute Witten’s invariants of (parts of) this link.
As a preliminary step having an independent interest one could try to compute knot
invariants of closed trajectories of a “Lobachevsky billiard” in a fundamental
domain of a classical Schottky group acting on H.

0.5. Plan. The paper consists of three Chapters devoted to the genera 0, 1, 22
respectively. The formulas are numbered consecutively in every section.

0.6. Acknowledgements. The viewpoint advertised in this paper was suggested in my seminar
talks around 1980. I have decided to write it down after several stimulating discussions with
S. Bloch, H. Gillet, J. Tate, M, Artin, and others in Fall 1989. A preliminary version was
circulated as the Berkeley Center for Pure and Applied Mathematics Preprint PAM-479. I thank
the Miller Research Institute at Berkeley for the financial support during the preparation of that
preliminary version,

Chapter 1. Genus zero case

§ 1. Lobachevsky’s three-space H

1.1. H as a space of Hermitean metrics. We collect here some very classical facts
about three-dimensional Lobachevsky geometry in a form convenient for a
comparison with the p-adic case. This comparison is made in §3.

We fix a two-dimensional vector space V¥ over C. It defines a curve of genus zero
X=X, whose C-points are one-dimensional subspaces in ¥, and a three-dimen-
sional real manifold H=H, whose underlying set is

(1.1) H={hermitian metrics h on ¥} mod(~)
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where the equivalence relation A~#A' is defined by ~A=ah’ for some xR, .
Every metric /4 defines (and is defined by) its unit ball

V,={ve V||, <1}.

We shall denote by [A] or [V,] the class of 4 in H. Put

vol (V)
vol (V)

if ¥, © V,. and the boundaries of these unit balls have a common circle. Volumes can
be computed w.r.t. any Haar measure on V. Clearly, dis well-defined ; later we shall
identify it with the Lobachevsky distance given by a Riemannian metric on H of the
constant curvature —1.

(1.2) d([Vi), [V =log

1.2. Functoriality. For any isomorphism g : ¥— ¥V’ we have an obvious isometry
g4 :Hy—H)y. and a similar isomorphism of complex manifolds X} — X),.. Complex
dilatations act trivially on both spaces. Thus, PGL(V’) acts on H,, and Xj,. Since a
point [#] is stabilized precisely by C* Aut(V, k) we have an identification

H=PGL(2,C)/SU(2).

1.3. A point of Hy as a metric on X,,. Any point [h] defines a class of Kdhler metrics
on X, (up to proportionality) stabilized by the same subgroup as {#]. We choose a
particular metric in this class by prescribing that diam(Xy)=1. The following
lemma can then be checked directly.

1.4. Lemma. a) Let p: V\{0}— X, be the canonical projection, h an Hamiltionian
metric on V. Let p(v) = x, p(w)=y. Denote by (,), the scalar product corresponding
to h. The the distance function d, of the metric on X described in 1.3 is given by

1
dy(x, ) =7 arccos |(v, W)l -
b) Let V—-C? be an isomorphism for which h becomes |z,|* +|z,|?. Denote by

z=124/z, the corresponding affine coordinate on X, . Then d, is induced by the Riemann
metric

P
(P
Corollary. The volume form on X, corresponding to d, in notation of 1.4b is given by
13 dum i dzadz
a3 =2 riPr

1.5. The upper half-space model. Starting with an 4 and an orthonormed basis in V
asin Lemma 1.4b), we shall construct coordinate functions (z, y) on Hidentifying it
with CxR,.

First, define y by the condition that it is constant on any horicycle at infinity that
is, on any orbit of the subgroup {z+—az+b}. Second, normalize it by the condition
(R =n if h is 1P lzoP +1z, P

Now consider the map f: H— X\{co} which associates with A the class of the line
in ¥ orthogonal to z, =0 with respect to A. The function f is by definition the z, /z,-
coordinate of this line.
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1.6. Theorem. a) The map defined above is a bijection of Hand C xR, . The distance
Sfunction (1.2) corresponds to the metric
dz|? +d
g2 =] + y*
of constant curvature —1.

b) A geodesic in H consists of all classes of metrics having a fixed orthogonal
couple of lines in V. The classes of these lines in X correspond to the ends of this
geodesic.

¢) The canonical map from the set of oriented geodesics to the set of points of
X:yr>end of y defines a bijection of the set of all ends with X.

All this is standard. We recall a few more facts. First, the action of
zr—{(az+b)/(cz+d) on H is given by

(1.4)

@) (az+b)(cz+d)+ady* ylad—bc|
’ lez+dP+1cfy? 7 lez+dP +efy? )

Second, the geodesics in the half-space model are vertical half-lines z =const and
vertical half-circles orthogonal to the plane at infinity y =0. Third, the distance ona
vertical line is the logarithm of the quotient of vertical coordinates.

$§2. Green’s functions and geodesics

2.1. Notation. We first recall some notation introduced in sec. 0.1: {a, b} is the
geodesic joining a, be Hu X; a x y is the point on the geodesic y closest to the point
a;d,(a, b)is the distance from a point u to {a, b} ; dist or means the oriented distance
between two points lying on an oriented geodesic. We shall also need notation for
two angles. First, ¢, (a, b) is the angle (at u) between the (semi-)geodesics joining # to
a and u to b. Second, for a,be?y, Y, (a,b) is the oriented angle between the semi-
geodesics joining @« y to a and b * y to b. In order to calculate it, we must first make
the parallel translation along y identifying the normal spacesto yataxyand atb « y.
The orientation of a normal space is defined by projecting it along (oriented) y to its
initial end into the tangent space to X which is canonically oriented by the complex
structure.

We shall now summarize all formulas from the Lobachevsky geometry we
need in the following Proposition.

2.2. Proposition. a) For a, b, ¢, de X, denote by w,,_ 4, a meromorphic function on X
with the divisor (a)—(b). Then we have

Q@ log Pa-e@)]_ —dist or (ax{c,d}, bx{c,d})
Way- @)
W — i (€)
2.2 arg —@=@ T . . (ax{c,d}, bx{c,d}).
22 gw(a)—(b)(d) e, d} { } { }

b) Below we shall use the standard coordinates (z,y) on H (¢f. 1.5). We put
u=(0,1)eH and denote a point of X by the value of its z-coordinate (e.g., 0, 00,z).
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Then we have

1+zf +1
(2.3) d,(0, z)=% log VitEE +1

Y1+1E =1

2arctan|z| if |2|Z1
2arccot |z} i {zl=1

@24 ».(0,2) ={

[1+(z2/20"
11 _(22};21)1;2|

Proof. a) Both sides of (2.1) and (2.2) are PGL(V)-invariant. Therefore it suffices to
look at the case {(a,b,¢,d)=(z, 1,0, ). Then, in (z, y)-coordiantes, we have

ax{c,d}=(0,lz]);
bx{c,d}=(0,1);
dist or ((0,]z]), (0, 1))= —log|z| ;

2.5) dist ({Zl,zz}, {07 oo})_—_}log

Weay- ) (€) -

Way-m (@)
This gives (2.1) directly. To see (2.2), one should take into account that angles in H
can be calculated using the Euclidean metric |dz{? + dy? and the parallel transport
along {0, oo} coincides with the Euclidean one.

b) We first choose v=(r, yo)e H; r, ¥, >0, and calculate d,(0, c0) by integrating

ds along the geodesic arc S of the circlex? +y? =r? 432 joining v to (0, 00), where
x=Re(z). We have

r r2 2d 2 2
2.6) d,(0, 00)= | +2J’o )2C=1log 1+r/Y/r +yo_
o PHye—xt 2 1—r/l/r2+y(2)

Now we consider the unimodular matrix g transforming a,b in X to 0,00

respectively:
_ 1 1 —a
@7 \1 —b)

Then we can calculate the g-transform of v=(0,1)c H using (1.4). We get
_lab+1) _ Ja—8]
RS TS
Since d,(a, b) =d,,(g(a),g(b)), (2.6) gives
2 +la—bi2+1
d,,(a,b)=1 log lab+1|/)/lab+ 1 +|a — b + .

2 lab+1{/1/1ab+ 1P+ ~bJ* —1

Putting here a=0, b=z we get (2.3).

Formulas (2.4) and (2.5) can be proved similarly, and we leave them to the

reader.
Now we can derive the main result of this section.

h

=ls|
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2.3. Theorem. Let a,b,c,dec X, ueH. Denote by du the volume form on X
corresponding tou (cf. 1.3, 1.4). Green’s functions on the projective line normalized as
in the Introduction can be expressed in the following way :

@7 9((@)— (), ()~ (@)= —dist or (ax{c.d},bx{c,d)),
12
. =log —————

238 gu(@ b)=log — @b’
log (¢ sin 9, (a,b)/2)  for 0<g,(a,b)s7

(2.9 gula,b)=
log (¢'? cos (p,(a, b)/2) otherwise.

Proof. Clearly, (2.7) is a restatement of (2.1). Using the PGL (V)-covariance of

(2.8) and (2.9) we can restrict ourselves by consideration of the case u=(0, 1),
a=0, b=2z. Then the normalized Green function corresponding to (1.3) is

(2.10) ©0,2)=lo Pl
- gﬂ ,z) =108 (1 +|Zl2)1/2 .
(See e.g. [AG], p. 291). Put d=4d,(0,2), o=¢,(0,z). From (2.3) (resp. (2.4)) we
obtain
—2=cosh (d) 1 )
Vit =Gh@ P imm@
tan(p/2) for 0< (p§g
Iz| = i .
cot(¢/2) for E§(p§n

Putting this into (2.10) we find (2.8) (resp. (2.9)).

§ 3. Comparison with the p-adic case

3.1. The Bruhat-Tits tree. In this section we denote by K a finite extension of Q,,.
Let V' be a two-dimensional linear space over K and X(K) =P (V) the set of K-points
of a curve of genus zero over K. Denote by A the ring of integers in K and by m its
maximal ideal. Put g=card (4/m).

The non-archimedean analog of (1.1) is the set T; of A-lattices V,< ¥ modulo
the equivalence relation: ¥V, ~ ¥V iff V,=aV, for some o€ K. Each point of Tj, can
also be considered as an A-structure on P(¥) with closed fiber P} ,,. The metric on
T, similar to (1.2) is defined by

d([V4), [Va))=log Card (V,/V3)

if VoV, and V,/V}is a cyclic 4-module. It is well defined. The shortest distance
between two points is log g. We shall call such points neighbours and connect them
by an edge of the length logq. The metrized graph T obtained in this way is an
infinite tree whose all vertices are of multiplicity g+ 1 (cf. [S]). Clearly, PGL(V) acts
transitively on T so that

T,~PGL(2, K)/PGL(2, 4).
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Geodesics in T, correspond to paths in T without backtracking. Let an end E
of T be represented by a sequence of vertices v,,v,,v;,... with v;#v,,, and

d(v;,v;1)=logq. Let v;=[V}), V;2>V,yy, Vi/Viyy cyclic. Then [} ¥ is an 4-

i=1
module of rank 1. Tensoring it by K we obtain a K-point in X'=P(¥). This point
depends only on E, and the whole construction furnishes a canonical bijection

ends of T X (K).

Let now u, be a vertex of T representing an A-structure X,. For each point
x e X(K), denote by e(v,, x) the subgraph in T with vertices (vy, v, 0;,...), V; F ;. 5,
d(v;,v,,,)=logg whose end represents x. Let e(vy, x),=(0y,y5...,0,). Then we
have a natural bijection (v,, n being fixed)

the set of all e(ygy, x), X, (4/m")

such that x, ye X(K) have the same reduction modm" in X, if and only if
e(UO’x)nZe(voay)n'

It follows that v, represents the closed fiber X, ®(A4/m) of the chosen A4-
structure ; the edges joining v, with its neighbours represent 4/m-points of this fiber;
finally, e(v,, x) represents the reduction of x.

For this reason, we also consider half-geodesics in H as “oc-adic reductions”.
Notice also that H is similar to Ty, not to 7. It might be helpful to imagine the
tangent fiber bundle TH as a substitute for the set of edges of 7, because in T the
edges containing a vertex represent possible directions of geodesics leaving this
vertex.

Actually, some of the features of the archimedean picture should be easier to
understand comparing them with a limiting non-archimedean situation which
arises if one replaces K by its Tate closure C,. We shall not actually go to the limit
but simply explain what happens when one replaces K by a finite extension K’ of
degree ef (e is the ramification degree).

Replacing T, =T (V) by T' = T, (¥ ® K’) we can construct a canonical embedd-
ing Ty~ Ty : [V, J—[V,®A’]. This map can be extended to the map of trees if one
agrees to subdivide each edge of T into e T'-edges. Besides, vertices of 7" have
multiplicity ¢/ + 1. If we-want this embedding to be isometric we must renormalize
the lengths of the edges of T'(or of 7”) in an obvious way: the choices are the same as
in the height normalization.

3.2. Intersection indices. The role of the Green function (2.1) for principal divisors is
now played by the p-adic module of the same crossratio. It can be computed in terms
of the tree T by the same formula as in terms of H

Wy - 1 (€)
Wy - (d)

This can be proved in the same way as in H (cf. [M-D]).

Since T'is a tree, the configuration of the geodesics in terms of which we compute
this value can be described alternatively as the union of y={a,b} and the half-
geodesics joining ¢ and d to y, or the union of y'={c,d} and the half-geodesics
joining @ and b to y’, or else as the smallest subtree containing y and y’, and we have
an additional symmetry

3.1 distp(ax {c,d}, b+ {c,d})=dist;({a,c}, {b,d}).

= —distory (ax{c,d},bx{c,d}).

K

log
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In H we can use the first two descriptions which however refer to different
configurations. The analog of (3.1) is wrong as one can convince oneself looking at
(2.5). Discussing the higher genera case we shall see that in general there are several
archimedean analogues of a non-archimedean geodesic configuration and that our
expressions contain linear combinations of their appropriate metric invariants.

The basic Green function (2.8) has the following simple m-adic version: if u is
interpreted as a vertex of T we have

g.(a,b)=d, 1(a,b).

The expression (2.9) can be interpreted as another avatar of the same formula if we
look at d,(a, b) as a measure of closeness at u of the two geodesics joiningutoa, b. In
H it can be gauged in terms of the angle ¢,(«, b).

Chapter 2. Genus one case

§ 4. Jacobi uniformization and solid tori

4.1. The solid torus and its geodesics. Over the ground field K=C, we choose an
element geC*, |g|<1, and consider an elliptic curve X with X(C)=C*/(¢?).
Multiplication by ¢ is a hyperbolic (or loxodromic) element of PGL(V) with fixed
points 0 (attracting) and oo (repulsing). From (1.4) it follows that its action upon H
is given by

1/2 0
@1) ("0 q-l,z)(z,y)=(qz,|q|y).
A fundamental domain in C*= P(V)\{0, co}is given by |g] < |z| £ 1. It is a part of the
boundary of the following fundamental domain in H: |gf <|z]> +? £1.

One sees that & =H/(¢%) is a solid torus while X(C) is its boundary.

All geodesics in & (whose metric is induced by that of H) can be divided into the
following classes.

a) Oneclosed geodesic y,, the image of {0, co}. We shall orient it in the direction
from oo to 0. From (4.1) one sees that its length is —logg.

b) Geodesics going from x € X and having y, as their limit cycle with the same
limit orientation. They are the images of {g"x,, 0} in H where |g,| < x, <1 and neZ.
We shall denote such an image y,7 (x) and orient it from x to 0. In terms of the inner
geometry of 4, one can only define the difference m —n for a pair y,(x), 7,,(x), which
is an appropriate rotation number. The same remark applies to several subsequent
formulas. We do not strive to obtain completely intrinsic expressions in order to
shorten notation.

¢) Geodesics going from xe X and having y, as their limit cycle with reverse
limit orientation. They are the images of {¢"x,, c0}. We shall denote such an image
¥, (x) and orient it from x to co.

d) Geodesics joining two points x, y € X (possibly coinciding) and oriented from
x to y. They are the images of {x,, ¢"y,} where |g,| < x,, ¥, < 1. We may denote such
an image y,(x, ).

Let now xe X, y a geodesic in &. We want to define an analog of “the closest
point on yto x”. Again, there is now a series of such points which are images of X » §
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for various liftings 7, X of y, x to H. We shall need a special notation for the following
cases.

4.2) X % ,7o=the image of ¢"xy = {0, c0},
4.3) X %75 (1)=the image of q"xq* {1, o0} .
We shall also need the following marked point on y, (1):
4.4 O=the image of 0% {1, 00}.

We can now state our formula for Green’s function.

4.2. Theorem. Let g(u,v) be the basic Green function on X x X normalized with
respect to the invariant measure dy on X of volume 1. Then g(u, v)=guv™"',1) (the
composition law on X being denoted multiplicatively), and

4.5) g(x, 1) =% I(30) - B, (dISt or, (X *p Yo, 1 %o )’o))

(yo)

+ )., distor,; 4,0, x %, 75 (1))

nz0
+ ;1 distor,; )0, x " %, 75 (1))

where I(y,) = —logq and B,(y)=y*—y+1/6 is the second Bernoulli polynomial.
) 2

Proof. We use the following explicit formula for g(z, 1) (see [L], pp.43—47; our
normalization slightly differs from that of Lang, our g(z, 1) corresponds to Lang’s
—A(z,1), our g to ¢, our x to q,):

4.6)  g(x,1)=log[|g|Zleekloelad2|(1 —x)| [T |(1—¢"x)(1 —¢"xH].

n=1
In the r.h.s x may be an arbitrary lift of our point to X; we shall assume that |g| < |x|
<1 in order to keep our numerotation straight. Then we can interpret the various
summands in (4.6) in the following way:

4.7 loglgl=1(3,),

(4.8) logix]=dist or, (x5 7, 1 %5 ¥},

(4.9) log|1 —g"x|=dist or,; 1, (0, x %, 75 (1))
(4.10) log|t —g"x™!|=dist or,s 4,0, x ' %,y 35 (1))

Here (4.7)-(4.9) follow from (2.1) for various choices of the cross-ratio {a, b, c,d)
:w(a)—(b)(c)/w(a)—(b)(d)s c.g.
[X|=1<x,1,0, 03],
1—x|=]{x,0,1,00>|.
4.3. Comparison with p-adic case. Returning now to the situation of §3, consider a

non-archimedean complete field X and an element ge K*, |g| <1. It defines an
elliptic curve X over K with X(K)=K* /(g%) via the Jacobi-Tate uniformization. Its
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absolute invariant j is given by the classical series

1728

This curve has a unique Néron-Kodaira model X, over 4 whose closed fiber is a
union of ord,,(¢) projective lines over A/m intersecting like sides of a regular
polygon.

In the tree picture, let e={0, c0} be the path in T joining the fixed points of
g =multiplication by g. Clearly, g shifts this path by ord,,(g) edges. It follows that
the graph 77(¢%) consists of the central polygon y, 7 =¢/(¢%) to which infinite trees
are appended corresponding to the equivalence classes of the trees appended toein
7. One sees in particular that this graph coincides with that described abstractly in
0.3 (for X ;). The central polygon s the unique closed geodesic in this graph. Itis the
dual graph of the closed fiber.

The intersection index of horizontal sections corresponding to 1 e X(X) and
x € X(K) in the non-archimedean pictures is essentially the distance from y, r to
{x,1}. If this distance is zero, the corresponding geodesic configuration can be
described as a union

1 1
g/ =g 44+

4.11) Yo, r % X% 0 ry U{L, 1%y 1} .
If this is non-zero, the configuration can be described as
4.12) Vo,TU{i,1*3’0,T}U{x7x*{1,1*)’o,T}}~

Clearly, (4.11) should be compared with (4.8) and (4.12) with (4.9). We see that in H
we must take into account rotation numbers and limit cycle effects which are
trivialized in T due to simpler topology but are nevertheless present.

§ 5. Faltings® invariant

5.1. The Faltings invariant and the Noether formula for arithmetic surfaces

In [F] G. Faltings introduced a real-valued function defined on the set of compact
complex Riemann surfaces of genus =1 up to an isomorphism. The reader may
consult [M-B] for a brief summary and a proof of the following Noether-Faltings’
formula.

Let K be a number field, B< K its ring of integers, ¢ : Xz—Spec B a semi-stable
regular curve of genus p 2> 1, i.e., the minimal regular model of its generic fiber X,

For a closed point e Spec B, let §,(Xp) be the geometric number of singular
points of the closed fiber over b. In [F] and [M-B] it is proved that

12deg(det Rg, wy, ) — (0, )+4p[K: Q]log2n
= ¥ §(XplogN®)+ ) 6X®,0
beSpecB o:K»C
where w is the relative canonical sheaf and the Lh.s. is defined via Arakelov’s
intersection indices etc., corresponding to his canonical metrics.

If X over a b-adic completion is totally split (i.e., becomes a Mumford curve), we
clearly have

(.2) 6, (Xp) log N(b)=1(3o,7,)

(5.1)
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where the r.h.s. denotes the length of the dual graph of the closed fiber as in §4.
Indeed, each singular point corresponds to an edge in this graph. Hence we would
like to compute the contribution at infinity in terms of our geodesic configurations.

Here we shall do this for elliptic curves where a nice explicit formula for 6(X) is
known. Notice also that (w, @)=0 in this case, and that in [AG], pp. 253-254 one
can find a version of (5.1) in which the Lh.s. is interpreted as a height of the curve X.
Below X means a complex elliptic curve given together with its Jacobi uniformi-
zation.

5.2. Theorem.
(5.3) —6(X)=I(yy)+6logi(yy)+2log2n+24 Z distor,; 4,0, 1%,y (1)).

n=1

Proof. In [M-B], p. 496 the following formula for 6(X) is given:

d(X)= —log[(2m)*(log|q])° 4| ﬁ I(1 —g™)P*].

n=1

It now suffices to apply (4.7)-(4.9).

Chapter 3. Genus =2 case

§6. Geometriy of Schottky uniformization

6.1. Hyperbolic elements. In this section we collect some classical facts about
Schottky groups; cf. [H] and [B] for further information. An element g€ PGL(V) s
called hyperbolic (classically, loxodromic) if it has precisely two fixed points z* (g)
in P(V) of which one is attracting and another repulsing. The notation reminds that
for any z,+z%(g) we have hm g"(zo)=z%(g). Let q(g) be the eigenvalue of g

on the cotangent space to z+(g) We have |q(g)l <1, q(g)=q(g" ) =q(hgh™?),
z*(g)=2%(g7"), z(hgh™")=hz*(g).

6.2. Schottky groups. A marked Schottky group of genus p=>1 is defined by the
following data:

a) 2p open connected domains D,,..., D,, in P(¥)=P'(C) with boundaries
Cy,..., C,, which are Jordan curves homeomorphlc to S such that the closures of
D;’s are pairwise disjoint.

b) 2p elements g, e PGL(V) such that g,(C,) = C, .4, g (D) = the complement
of Dy, p=1,..k

These data define the Schottky group I' generated by g, ,...,g,. It is a discrete
subgroup of PGL(V). The marking and the group are called classical if all C;’s are
circles. We put

X0=Xo,r=P(V)\ iUP Dj\ IU C;.

There are three important I'-invariant sets: Qp= U g(Xy), Ap=P(V)\Qr, and H.
Below we summarize some facts about the actlon of I' on these sets.

6.3. T and Q. A picture shows that I acts on Q. in the same way as a free group
with p marked generators would act on the boundary of a tubular neighbourhood of
the tree canonically associated with such a group (cf. [S]). It follows that I' is freely
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generated by g,,..., g, and acts upon Q; freely and properly, with the fundamental
domain X,. The same picture makes obvious that topologically I'\Q is a sphere
with p handles, and that each element of I" except identity is hyperbolic. Hence this
surface X has a canonical structure of a complex Riemann surface of genus p. Every
compact Riemann surface can be obtained in this way (cf. [H]) for an appropriate I'.
Not every I can be obtained from some classical data.

6.4. a(I') and Ap. First of all, A, is the smallest closed I'-invariant subset in
HuUP(V) (M. Gromov, cf. [T]). It follows that it coincides with the set of limit
points of any orbit I'zy, z,eHuQ,. For an irreducible left-infinite word
h= . ki< kY, hel{g,y,....q,}, &= %1, and a point z;€ X, put

2t ()= Lim A h&(zp).
k=t
This is a well defined point of A independent of z,. The map &>z * () establishes a
bijection . . o )
irreducible left-infinite words in g,
ends of the graph of T, {g,} <
points of Aj.

We denote by a(I') the Hausdorff dimension of Ay. This number can be
alternatively characterized by each of the following properties which can be read off
the action of I either upon P(V) or upon H:

a) a(I')=the convergence abscissa of any series

) dg(2)

oo | dz

5

where z i1s a meromorphic function on P(¥) with one zero and one pole in Q. For
Re(s)>a(), this series converges uniformly on compact subsets of €. We have
0<a(l')<2. (See [B], Theorem 4, pp. 23-24.)

b) (?) a(I')=the convergence abscissa of [](1 —g(g)®) where the product is
taken over primitive conjugacy classes in I'. (I put interrogation mark here because
this characterization is given in a sketchy remark of Bowen ([B], p. 24)).

¢) a(I')=the convergence abscissa of any series

Z exp(—sdist(x, gy))

gel
where x, ye H. (See [Su)).

d) a(T")(a(I')—2) is the smallest eigenvalue of the Laplace operator in Hacting
on an appropriate space of [-invariant functions (ibid.).

In the next section we shall consider some I'-automorphic functions given by
infinite products and sums convergent only for a(I") < 1. This class of Schottky
groups was characterized by Bowen ([B), p. 24) in the following way: a(I')< 1 iff I’
admits a rectifiable invariant quasi-circle (which then contains Ay). This is so, in
particular, if '« PGL(2,R).

6.5. I and H. I acts upon H freely and properly discontinuously. The quotient
space ¥ =TI'\H is a non-compact complete Riemann space of constant curvature
—1. As in Chap. 1, 2, one sees that X can be identified with the boundary of &
defined as the set of unbounded ends of oriented geodesics modulo the equivalence
relation “‘zero-distance™.
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As in 4.1, one can roughly classify geodesics in & into following types.

a) Closed geodesics. They are in one-to-one correspondence with the primitive
conjugacy classes in I': class of grothe image of {z7(g), z*(g)} in H.

b) Bounded geodesics. They are the images of geodesics with both ends in A
and their set is bijective to I'\(A x Ay). Of course, closed geodesics are bounded.

c¢) Geodesics with one end at X. Some of them have a closed geodesic as their
limit cycle, but most feature a typical chaotic behaviour. In particular, using the
characterization of A in terms of leftinfinite words one can construct geodescics
that come arbitrarily close to a closed geodesic like intending to have it as a limit
cycle, then suddenly jump to another one etc., ad infinitum. This is, of course, a
strange attractor picture.

d) Geodesics with both ends at X.

Due to the complexity of this picture, we shall not introduce right now a formal
notation for all the configurations we shall need, but postpone this until the moment
we really need it.

$§ 7. Automorphic functions

7.1. Jacobi-Weierstrass products. We keep the notation of §6 and fix a Schottky
group I’ acting upon the Riemann sphere P(¥). For a divisor d of degree zero with
support in Qp, we denote w,(z) or w(d ; z) a meromorphic function on P(¥’) with this
divisor. We also choose a point z,e Q/\ | | h(supp(d)) and consider a formal
product hel

w,(hz)
71 = 4 .
o Yono= L

Clearly, the A-th factor of this product tends to 1 when the length of 4 tends to
infinity since it is the quotient of values of a rational function in a pair of variable
points that become closer and closer staying outside a fixed neighbourhood of the
divisor of this function. This suffices in the non-archimedean case, but over C we
have to restrict the Hausdorff dimension of A

7.2. Proposition. Assume that a(I'y<1. Then (7.1) converges absolutely and
uniformly on any compact subset of Q, after deleting a finite number of factors that
may have a pole or zero on this subset. Therefore, W, , () is a meromorphic function
on Q.

Proof. Let K<Qp be a compact. Denote I'x the set of all zeI’ such that
h(K)nsupp(d) +0. Since I acts properly discontinuously on @, this set is finite.
Choose an affine coordinate on P(¥) such that co e Q\K and let z denote also

b .
the value of this coordinate at the point z. Then for A= a >e I’ with ad—bc=1

we have cd
_|az+b  azg+b| z—2z,
()= h(zo)l= cz+d czo+dl— (cz+d)(czo+d)

|z =z

1 1
=72 <|cz+d|2 +|czo+d12>'
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On the other hand, when /z and Az, lie outside a fixed compact neighbourhood of
supp(d) we have

w,(hz)

wa(hzo !

<const - [h(z) —h(z)l.

It remains now to use the characterization of a(I') given in 6.4 because
1 _|doa)

lez+dP dz
From now on, we assume that ¢(7") < 1. Then we can repeat word by word the

proofs of the statements 7.3-7.7 given in [M-D] for p-adic Schottky groups because
nothing was used in these proofs except terms rearrangements and groupings.

7.3. Propesition. For all geI', we have

(7.2) Wi ol02) =1 9) Wa o (2)

where u,(g) € C* is multiplicative in d and g independent of z,.

7.4. Proposition. Let H=I'*=r[",T'}). For g, hel, put y=g mod[I', T}, n=h

mod [I", I"]. Let
<X’ n)zuhzl—zl(g)

where z, € Q\I'c0. Then {,) is a well-defined symmetric pairing H x H—C*.

This pairing is also non-degenerate, and the associated quadratic form takes its
values in the unit disc of C. We shall prove this fact in §8.

7.5. Theorem. 2) Let g, ec I generate in H a free abelian subgroup of rank 2. Denote
by Clelg) a set of representatives of double coset classes (e"\['[(g"), m,neZ. Let y
(resp. €) be the image of g (resp. e) in H. Then

w(z* (@)= (©): hz* (g))
7.3 LYY= —
.3 o= 1 = (@) hz (a))

where the product converges absolutely.
b) With the same notation, assume that y is not divisible in H. Denote by Cy(g|g) a
set of representatives of (g™)\'/(g") except the identity coset. Then

_ w(z*(g)—z"(g);hz"(g))

heColglg)

where the product converges absolutely.

7.6. Theorem. Let ge T, g +id. Denote by C(|g) a set of representatives of I'/(g") and
by S(g) the conjugacy class of g. Then

_ w(hz*(g)—hz (g9);2)
7 Worr-21@= 11 )~ ha (g):20)

_ w(z*(h)—z"(h);2)

" hestg WET )=z (h); 25)

is a meromorphic function without poles and zeroes in Qr, independent of z; and
multiplicatively depending on g.
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7.7 Corollary. Put
(7.6) w,=dlogW,, _, ..(2.

This a is I'-invariant holomorphic differential on Q inducing a differential of the first
kind on X. It depends on g additively.

7.8. Prime form. Consider now

W0 oy =W -5 (xo)

as a function of four variables x, y, x4, ¥o € Qr. It has simple poles at x =x,, y=y,.
We shall show that the residue of this function at the intersection of these divisors
essentially coincides with the classical Prime form squared (see [Mu2]).

To be more precise, choose an affine coordinate z on P(J) with zero and pole in
Q. Choose also a subset I', = I'\{id} containing exactly one element of every pair
{g,971}. For x,ye Q\div(z) put
(1.7 E(x,))=@x)—z() I1 <y hx,x,y)

hely

where the cross-ratio in the product is normalized as in the end of 4.2. Temporarily
taking the convergence for granted, we see that E_ (x,y) does not depend on the
choice of I', and that E, (x, y) = — E,(y, x). Main properties of E, are summarized in
the following result.

7.9. Theorem. a) We have
(7.8) —E}(x,p)=lim (z(x0) ~ 2())(2(36) = 2(¥)) Wye) (x01,5 (%) -
)’g"y
The product (7.7) converges absolutely and uniformly on compact subsets of Qp x Qp

not intersecting with the divisors of the factors.
b) For any geI'

(7.9) EXgx,) =<1 oy 0 @V E2 (5, ) ZC 0D

dz(x)
where y is the image of g in .
Proof. Since (hy, hx,x,y>=<h" 'y, b~ x, x,y> we have

E}(x,)=G(x)—z()) T1 <y, hx,x,y).
hel\id

On the other hand, from (7.1) we see that
W oor- o,y (¥) =TI {hyo, hxo, X, y> .
hell

Rewriting the id-term of the last product as
(2(x) =z (o)) (z(¥) — 2(xo))
(2(x) = 2(x)) 2 (¥) —z(30))

we immediately obtain the first statement.
Now use (7.2):

<y0’x05x’y>=

W o) - x01, (%) = i) - 20 (D) W (301 = (xon, y () -
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Therefore, using (7.2) once again,

—E,(gx.y)*= lim (z(gx0) —2(9x)(z(0) =2(¥D) W )~ (gx0), (%)

gx0—gx
Yoy
= iy g0 (9) im  (2(gx0) —2(9)) (2 (¥0) — 2 (V) Wy) - (9o, y (X)
s
_ . z2(gx0) —z(g¥)
=ty - e0(9) xl:inx 2(x) —2(x) (z(xo)
Yoy

—z(x)(z(yo) —2z () Wiy ) o (gx,)

d.
= iy~ (gxy+ - (9) ;T((gxxT) (—EZ(x, ).

The last statement now follows from the identities
Hy) - (yy)(g) =010 -1,

Higy)+ ) tg9)- (D) = By 0 (9

§8. Invariants of X via geodesics in &
8.1. Marked Schottky groups and marked Riemann surfaces.

We keep notations of §6 and §7. For a given marked Schottky group I, put
X=TI\Qr. Denote by g, the image on X of C,,; with induced orientation. Choose
some points x; € C; and denote by b, the image on X of an oriented path from x; to
g;(x;) in X,,. Obviously, it is closed. A simple picture helps to see that b, can be
chosen in such a way that they do not intersect (by a homotopy make members of
pairs C;, C,; close but far away from other pairs). Then we have

(ai7aj)=(bisbj)=0: (ai,bj)=5ij

for all 4, j=1,...,p.
Put now
1

)y =
Ko

1
w9k=ﬁ leg W(ykzl)—(h),zo(z)
(cf. (7.6)).

8.2. Lemma. The differentials w,, k=1,...,p constitute Riemann’s basis of the
differentials of the first kind on the marked surface X, that is

th=5u-

ax

Proof. From (7.5) one sees that

1 -
wl:?—' 2 dlogw(hz*(g,)—hz (9));:2).
Tt weClign
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Furthermore

| dlogw(hz*(g)—hz"(g));2)

Cprx

1if hz*(g9)eDpurs bz~ (9) €Dy
=<{—11if hZ‘(gl)EDp.Hp hZ+(gl)¢Dp+k’
0 otherwise.

1
27

Now, if k =/, the first alternative is valid for #=1d and the third one for all other A. If
k #1 only the third alternative can be realized. One can see this appealing to the
“thick tree” picture of 6.3 and the fact that z*(g,)e D,,,, 2~ (g,)€ D;.

8.3. Periods. Put now
=1{ o.
b

We shall show that this basic invariant of X is expressible via the geodesic
configurations in Z.
First of all, we have by definition of b, and o,

gr Xk

1
Ta==— | dlogW, , _, .. ()

Kl ;
2ni g,

1 Wyizi- (gx) _ 1
- 1 9121 21,20 — 1
i og W,on() 2w 08 {Xi» X

where y;, =g, modI'® (cf. Propositions 7.3 and 7.4). In particular, since the
imaginary part of (z,,) is positive, the paring {,) is nondegenerate.
Put y,={z"(g,),z7(g,)}. Using (7.3), (7.4), (2.1), and (2.2) we obtain finally:

8.4. Theorem. For k=1

1
@D Im(n)=—5— > logKz" (g, 27 (g hz* (g)), hz™ (9)))]

heClgrlgr)

1 . -
=3 . C‘Zl )dlstor(hz+(gk)*v,,hz (g *7),
el (gtlgk

1 -
(8.2 Re(ry) modl=—5— 5y, (hz"(g)* v hz(g)* 1)
T heClgilgw
Similar expressions are valid for k=1, with a different summand corresponding to

h=id (cf. (74)).

The configurations of geodesics appearing in (8.1), (8.2) after descending to &
look as follows. Firstly, we take the closed geodesic y; in the homotopy class g,.
Secondly, we take the closed geodesics in the homotopy classes conjugate to g,.
Finally, we mark on y, starting points of half-geodesics leaving y, at a straight angle
and spinning on (or off) a geodesic in the conjugacy class of g,.

8.5. Differentials of the third kind. It is well known that Green’s functions of the
degree zero divisors can be expressed via differentials of the third kind with pure
imaginary periods (see [L], [AG]). In particular, let a, b, ¢, de X and w4, be such
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a differential with residue 1 (resp. —1) at a (resp. b). Then
(8.3) gla—b,c—d)=Re | 0y - -
d
Denote by the same letters a, b, ¢, dthe corresponding pointsin X,,. Arguing asin
the proof of Lemma 8.2, we see that the differential
Y-y = 4108 Wiy ), (2)
has vanishing a@,-periods. Therefore
O~y = V-1~ 2 Xi(@ b)
1
where the pure imaginary coefficients X;(a, b) must kill the real parts of the
by-periods of v,_,. Now

Re | V- =108 tia) - 1y (9]
bic

=3 loglKa,bhgyz,hzd|= Y logl{a,b,z*(h),z~ (h))|

hell heS(gr)

(the last identity is proved in the same way as the Theorem 7.6). Therefore this
quantity can be expressed via geodesics, and the same is true for Im z,;. Therefore
X,(a, b) are expressible via geodescis. Finally,

Re | v,_, =Y log|<a,b, ke, hd)|,
d hel

Wgn—n,zo(c)
Wezi=21,2(@)

= K@) T argle,dz ()2

heS(g)

Re(X,(a, b) § w,)=51— X,(a,b)arg
y n

are also expressible via geodesics, at least mod 1.

We could not avoid using arg of cross-ratios here which is not quite satisfactory.
Using the theta-function as in [F] we can express also the basic Green function
g,{x,y) via cross-ratios and geodesics, but it comes out non-normalized: the
condition 0.1 is not guaranteed (u here is the canonical Arakelov metric constructed
with the help of an orthonormal basis of the differentials of the first kind). We leave
this as an exercise to the reader, looking forward for a better solution.
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